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Abstract 



We have recently developed a method for obtaining exact two-point resistance on the square 
A^-cycle, the complete graph minus A" edges of the opposite vertices, here, a similar method 
is used to obtain closed formulas of certain trigonometrical sums that arise in connection 
with one-dimensional lattice and the chiral Potts model. By modifying slightly, the previous 
computations, then, we are able to get new closed formulas for different trigonometrical 
sums, some of which appear in number theory 



1 Introduction 

We developed Recently a method for computing exact two-point resistance of the square 
of the iV-cycle, that is, every vertex is connected to its two first neighbors and neighbor's 
neighbors p], and exact two-point resistance of the complete graph minus N edges that 
connect the opposite vertices [2]. In this paper, we first test these techniques by obtaining 
the Green's function of the one-dimensional graph with free boundaries, this is the building 
block for the two-point resistance of this graph, and the two-point resistance of the N- 
cycle graph (3J. The same techniques enabled us to obtain a closed formula for certain 
trigonometrical sum that appear in the work of McCoy and Orrick on the chiral Potts 
model [3], which was derived by Gervois and Mehta [5], using certain recursion relations in 
which the trigonometrical sum connected with the chiral Potts model is a special case. We 
have also considered the general case studied by Gervois and Mehta [5], and by Berndt and 
Yeap [5], here, our results agree with those in [5]. It is interesting to note that the same 
expression for the two-point resistance of the iV-cycle graph appeared also in connection 
with a particle executing simple random walk on the the iV-cycle [TJ, and the chiral Potts 
model [3]. having checked that our method works, then, we used it to compute other class 
of trigonometrical sums, some of which are related to number theory It is interesting to 
point out that in all the computations of the trigonometrical sums in this paper are based 
on a formula by Schwatt [8J on trigonometrical power sums and the representation of the 
binomial coefficients by the residue operator. The Schwatt 's formula is modified slightly, 
only in the case of the non-trivial trigonometrical sum given by Fi(N, I, 2), and F±(N, I, 2), 
see section 4, this was also the case in our previous papers p], [2]. This paper is organized 
as follows; in section 2, we give an explicit computations of the two-point resistance of the 
iV-cycle graph and the Green's function of the one- dimensional lattice, and in section 3, 
we use similar techniques as in section 2, to obtain a closed formula for a trigonometrical 
sum arising in the chiral Potts model, also the its generalization studied by Gervois and 
Mehta j5] is considered and given a partial closed form. In section 4, we consider other class 
of trigonometrical sums which differ from those of the previous sections, some of which are 
related to number theory, and finally, in section 5, our conclusions are given. 

2 The two-point resistance of one-dimensional lattice 
using the residue operator 

First, let us start with the two point resistance of the iV-cycle graph computations, then, 
move to the trigonometrical sum related to the two-point resistance of the one- dimensional 
lattice with free boundaries, the path graph. The two-point resistance of the iV-cycle graph 
between any two nodes a and /3 is given by the following trigonometrical sum [3J, 
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By using the following trigonometrical identity 



cos(2Zmr/iV) = ( l + _ S \ 2 2s sin 2s (nvr/iV), 

s =o l + s\l sj 

then, the above trigonometrical sum may be rewritten as 

, l 7 // i \ JV ~ 1 

«(0-^E(-i)- +1 rbG-3 22 * Esin2( *" 1)(WJV) ' (2) 

s=l x ' n=l 

Now, from Schwatt's formula for trigonometrical power sums JSj, one has 
N-1 , s-l 



E--Hw.)^E(- 1 )«(;L s r_ 1) i )^( 2( ;: 1 1) )- 

n=l t=l \ / v / 
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In order to evaluate R(l), we use the residue operator which played a crucial role in eval- 
uating combinatorial sums and proving combinatorial identities [5]. First, let us recall the 
definition of the residue operator res. To that end, let G{w) = YlkLo a kW be a generating 
function for a sequence {a^}. Then the k-th coefficient of G(w) may be represented by the 
formal residue as follows 

dfc = Tes w G(w)w~ k ~ 1 . 
This is equivalent to the Cauchy integral representation of a^, 

i r G(w) 

a k = — (b — r-rdw, 



2ni J ]z]=p w k+1 

for coefficients of the Taylor series in a punctured neighborhood of zero. In particular, the 
generating function of the binomial coefficient sequence (?) for a fixed n is given by 



gm - 1 (;) 

i — n V / 



W k = (l+w) 



k=0 

and hence 

J = res m (l + w) n w~ k ~\ 

Before finishing this brief summary, we should mention one important property of the residue 
operator res, namely linearity, this is a crucial in doing computations, linearity states that 
given some contants a and 0, then 

aTes w Gi(w)w^ k ^ 1 + [3res w G2(w)w~ k ~ 1 = res w (aGi(w) + /3G ? 2 (w))it; _1 . 
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Let us now, evaluate the first term in Eq.(j2]) using the residue operator, namely the following 
term 



„ 2 v — \ . . „ 21 
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s-1 



t=i 



a-t 



+ s \ (1 + W ) 2 W 

— sy Jc_ (1 + w) 3 w s_1 
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In obtaining Eq.(jlj), we discarded an analytic term at the pole w = of order s — 1. By 
making a change of variable I — s = k, then, Eq. (j3J), may be rewritten as 



\Z+1 



where 
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2/ f2l-k\fl + w 



21 -k\ k j \ ^ 



2(Z-fc) 



(5) 



C 2Z (x) = 2T 2i (x/2) = ^(-l)* 



2/ /2Z - k 



k=0 



X 



2l-2k 



21 — k\ k 

is the normalized Chebyshev polynomial of the first kind JTUj , and 

21 



T 2l (x/2) 
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x 



2 + v /(z/2)2-lJ + ( | - y/{x/2)* - 1 
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Using the fact that £?2j(^=f) = ~i + w l ,then, the final expression for the first term Ri(t), 
reads 



Ri(l) 



-l) m ^-res^ =i! 



1 



(1 + w) 3 w 



3/j,iZ 1 



1(1-1) 

N 
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Similarly, the second term may written as 

(N-l) v 



Ml) ■ 



N 



s=l s 



21 (I + A /2(s - 1) 
Z-sJ V s-l 



A' 



(1 + w) 2 w l 



KN-l) 
N ' 
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Adding the contributions given by Eqs. ([6]), and (J7|), then, we get the well known formula 



sin 2 (nln/N) l((N — I) 



N ^ sm 2 (mr/N) ' N v ' 

n=l K ' ' 

Now, we want to evaluate the following trigonometrical sum 

1 1 — cosnln/N 
F ^ l > = n 1^ I - C os mi IN' 

n=l 

this sum arises in connection with the two-point resistance of a path graph [3]. The evalu- 
ation of this term may be done as follows; 

JV-l 



1 — cosnln/N 



cos mi IN 

n=l 



N 



1 Al - cos(2n - l)lir/N 1 1 - cos 2nZvr/iV 
N ^ 1 - 003(272 - lW/iV + N ^ T — cos Ann 1\ 

n=l n=l 

where, we have assumed that N is even, similar steps may be used for N odd. It is interesting 
to note that in evaluating -Fjv(Z), we only need to compute the first term since the second 
term is related to the two-point resistance of the iV-cycle graph given by Eq. (JH1). Then, 
the first term may be written as 



N N_ 
2 i /c\ 1 \ ) / AT 1 2 



1^1- cos(2n - l)lir/N 1 >A sin 2 (2n - l)fa/2N 

N ^ 1 - cos(2n - Tjhr/N ~ N ^ sin 2 (2n - l)ln/2N 

i - 
2N^ y 1 l + s\l-sj ^ 2N 



s=l x 7 n=l 

(10) 



By using the identity 



N 
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2 /JV-l N-l , 

J]sin 2(s - 1) (2r2- \)tx/2N = -I sin 2(s - 1} wr/2iV + ^(-l)"" 1 sin 2 ^" 1 ) mr/2N J , 

n=l ^ n=l n=l ' 

and the formulas for trigonometrical power sums given in [8], then, one can show 

JV 

f:sin*-"(2 n -lW2iV = |J( 2( ;; i 1) ), (11) 

n=l ^ ' 

which in turn, implies that the formula for the first term should be 

1 1 - cos(2n - l)lir/N 1 ^ +1 21 (I + s\ (2{s - 1] 



1 Al- cos(2n - l)lit/N 1 ST^f ^ 
N ^ 1 - cos(2n - D/vr/iV 2 ' 



cos(2n-l)l7v/N 2 ~[ l + s\l-sj\s-l 



To compute the second term given in Eq. (151) , we use the following symmetry enjoyed by 
the two-point resistance of the iV-cycle graph, N even 



N 1 — — 1 

1 1 — cos 2nln/N 2 ^-^ l — cos2nln/N 1 - 

l-cos2mr/iV = N ^ 1 - cos2n7r/iV + 2iV^ ~ V - ) )■ ( ) 



cos2mr/iV JV ^ 1 - cos 2nir/N 2N 

n=l ' n=l ' 

Therefore, the second term may be obtained to give the following closed formula for Fn(1) 
„ ,,, 1 \-4 1 — cos nln IN , 1 /Z 2 1, . ,,,\ . , 

f »W = iv g i - cos Jar = ' - n { 2 + 1' 1 - m') J < 14 > 



3 A trigonometrical sum arising in the chiral Potts 
model 

Here, in this section the trigonometrical sum TAl) ■= Y.^ 1 sin 4 ( , nfa ^ is evaluated in a 

° v ' /n=i sin [rm/N) 

closed form using the residue operator. We also give an almost closed formula for the general 
case T 2m (l) := Yln=i sin*™ (m!/N) ' f° r m — ^ ^ rs ^ trigonometrical sum arises in the work 
of McCoy and Orrick on the chiral Potts model |4j, this sum with other trigonometrical 
identities were proved by Gervois and Mehta [5]. the second sum was considered by Gervois 
and Mehta [5] using a recursion formula satisfied by T 2m (7). It was shown by Berndt and 
Yeap [6] that the second sum may be written in terms of sums of the Bernoulli numbers. 
By following the same techniques as in the previous section, the above first sum may be 
written as 

n 



•[ sin 4 (ri7r/iV) 

N-l I 7 // J_ \ N ~ 1 

^shrW/iV 2^ y ' l + s\l-sj ^ v 1 ' 

n s=2 x ' n=l 

s-2 



s=2 x x t=l 

the first term in the above equation follows from the well known identity 

N-l 



y— 



N 



1 sin 2 (nir/N) 3 
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while the second and the third terms may computed using the residue operator as in the 
previous section to give, 



5/j I yl — 2 



and 



i + w) 5 w 

!(/ + !)/(/ -!)(/- 2), (16) 



;-l) z+1 res^ =0 ' 



4„,J-1 



1 + wpw 

±(1 + 1)1(1-1). (17) 



Therefore, the closed formula for the sum given in Eq. ( fl5i) . reads 

N f^m = >_ 1)+ i (i+1)i(i _ 1)(j _ 2) _?(^) (i 

*— f sin (nir/N) 6 6 6 

n=l K ' ' 

= ^(N-l)(N-l) + 2 -(N-l). (18) 

This is exactly the result obtained by Gervois and Mehta using a recursion formula satisfied 
by T 2m (l) [5]. Next, we will give another formula for the sum T 2m (l) that differs from those 
given in [5] and |Bj, and contains two terms one of which has a closed form. Now, T 2m (l), 
may be written as 

^ sin 2 (n/7r/AT) 

1 2m\ i ) / . 2m/ /Ar\ 

^— ^ sm ' (mt/N) 

= ivr(-ir +l - — i 12 

2 iti'ti l + s\l-sj S m 2 ( m - S \n7t/N) 

+ ^Et-^rbG- J 22s E sin2(s_m) (Wiv). (19) 

The first term on the right hand side T 2k ='■ J2n=i S in 2fc (mr/jv) ' ma ^ ^ e com P u t e d using a 
recursion formula given in [5], while the second term as it will be shown shortly, has a closed 
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form formula. The second may be written as follows 

T 2m (Z): = lEi-^JT-sil- j2 2s E sin2(S " m) (WiV) 

s=m ^ 7 n=l 

s=m v 7 t=l v 7 

+ ^-DE(-ir«if : C-:)C?-» ) ) 



-1) 2 r6S ?/; — n - ; m — n — ; 

(1 + w ) 2m+l w l ~ m 



+ (-l) z+1 2 2w - 2 (iV-l)res w= o- 



1 



\ _|_ U )j2m^(+l-m 

l/i! , )2m _l (Z + 771-1)! . i\m+l (M 1 % 2m-2 (Z + 771-1)! 



(Z -m- l)!(2m)! v y v ' (Z - w)!(2m - 1)! 

(20) 

Therefore, we succeeded in writing T2 m (Z) in a closed form formula, One can check easily 
that our results agree with those given in j5], and so the formula for T2 m (l) becomes 

< « Gl 



J sin 2m (n7r/iV) 

N-lm-1 



+1 Z /Z + s 



2f^^ l + s\l-sj sin 2(m - s) (nvr/A^) 

+ (- 1 ' m+l22 "'"(r ± i^' mAr - ; )- < 21 > 

setting m = 1,2, then, our previous results given by Eq's. jSJ) and (fT8l) respectively are 
recovered. From Eq. (I2~TI) . it is clear that in order to have a closed formula for T2 m (Z), one 
needs also, the exact expressions for T 2 k, k — 1 ■ ■ • , m — 1. The expression for T 2m may be 
obtained from T2 m (Z) from the following simple formula; 

N-l N-1N-1 . 2/ , , AT \ 

\p T en - V" sm K^/N) 

1=1 1=1 n=l v ' I 

= N V 1 

2 ^ sin 2m (ri7r/iV)' ^ 
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Therefore, we may write 



N-l 



-2m 



y I 

^ sin 2m (nvr/iV) 



l + S 



N T^=,=, l + s\l-sj sin 2(m - s) (mi/N) 



1=1 n=l s=l 
AT-1 



2 2s 



I A W— 1 V+l92m-l___ * 

+ N ^ l > res -=o (1+w)2m+% z- m 



AT-1 



+ |g ( _ 1)W2 ^ ( ^_ 1)res ^ _l_ 



AT-lAT-lm-1 , /, 

/ (l + S 



^rf^t^ / + sin 2(m - s) (mr/iV) 



2 2 S 



i=l n=l s=l 

/_^m+l 2 2m-l (iV + m- 1)! m JV + l-JV). (23) 

v ; iV(iV-m-l)!(2m + l)! V ; V ; 

This is another recursion formula that relates the different T2 m 's, for m = 1 the first term in 
Eq. (1231) , does not contribute and the second term gives the well known formula Ti = — ~ 1 . 
Now, for m = 2, the first term may be computed to give ^ N ~ 1 )( JV ~ 1 )( 2Ar ~ 1 ) ; while the second 
term gives _ ( jV -i)(^-2)(37v+i) ^ h ence) t 4 = ill in a full agreement with [5], [6]. 



4 Some trigonometrical sums related to number the- 
ory 

In this section other trigonometrical sums will be considered using similar techniques as in 
the previous sections, we will start with the following sum 

s(D == EH)"^, 

^— f sm (mr/iV) 

n=l v ' ' 

which is the alternating sum associated with the sum given in Eq. (TjQ). To obtain a 
closed formula for this sum, we follow basically the same computation carried out for R(l), 
except this time, the sum over n is non-vanishing only for N even 



n=l t=l ^ ' 



2( S - r 

)V s-l 



(24) 



Comparing Eq. f )24|) and Eq. (j3J), and using the previous results, then, without any further 
computations one has the following simple formula 

S(0 = £(-ir^^ = -/ 2 . (25) 

n=l v ' ' 

8 



Due to the the symmetry enjoyed by S(l), S(l) = S(N — I), the right hand side should be 
read with this constraint, that is for both I, and N — I, S(l) = —I 2 . Next, let us consider 

the sums := En=i X(WJV) and ^(0 := E^i^-^ ff/i? that are closel y related - 
By using the following formula [TTj . 

= £("!)' r " " " ') I- 2 *- 1 cos— (nvr/iV), (26) 

then, for / odd, one has 

n=l ' s>0 v 7 n=l 



cos 2i - 2 - 2s (wr/iV) 



(27) 

The sum over n, may be computed from Schwatt's book [8], see Eq. (107), page 221 to give 
^ OT „ . , -2 ^ s /2/-2-2s\ N-l f2l-2-2s\ . . 

71=1 t=l V 7 V 7 

then, the first contribution to the sum given in Eq. fl2T|) is 



2res„, = of/ 2i - 2 (^7^) — !— , (29) 



2\/t(; J 1 —w 

in obtaining the last line of the above equation we used the expresion for the normalized 
Chebbysheve polynomial of the second kind f/ n (|) = ( — l) k { n ~ h k )x n ~ 2k . The residue 

may be evaluated using 



x (x + Vx 2 - l) n+1 -(x- Vx 2 - l) n+1 
n( 2 } " 27^ f= I ' 

to obtain 

S 1 (l)' = -2res w=0 ^- 1 , 2 = -2(Z - 1). (30) 
w l (1 — w) z 

Similarly, the second contribution reads 

\ 2y/W / W 

= N-l. (31) 
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Therefore, combining these contributions, the closed formula for S\(l) is 



N-l 



sin(2Z — l)nir/N , , , . 

S 1 (l)=> — ^ 71^— = N- (21-1). 32 



71=1 



It is not difficult to show that there is no contribution to the sum Si(l) for / even. To carry 
out the computation for 

// _ _ 1\ N ~ 1 
s>0 V s / n= i 



one has to evaluate the sum over n, this sum turns out to depend on both I, N unlike the 
previous case. Using formulas given by Eq (113), and Eq (114) in [Sj, we have 



V-V iv» t-2,-1, /aa " 2 VvY2Z-2-2s\ 1 /2Z - 2 - 2s\ 



71=1 t=l 



(33) 

for / odd, iV even, and the sum vanishes for Z odd, N odd. If Z is even, then, the above sum 
is non- vanishing only for N odd 

E(-l)"cos'— \n«IN) = ^Elfjll'-X < 34 > 

71=1 t=0 ^ ' 

Therefore, for Z odd it follows from Eq. (1331) that we have 

- 2^(-i) sin(wr/A0 

71=1 

= -2res w=0 — — r -r- 1 - res w=0 — 77— - — r = -(21 - 1), (35) 
w 1 ^ 1 (1 — tuj 2 w' (1 — w) 

similarly, for Z even, Eq. (I34p gives 

= g^^M^} = _ J. 1 = _ 2 (36) 



71 = 1 



that is, S 2 (l) = — Z, for both odd and even Z, these results were recently verified by simula- 
tions without proof in connection with number theory 0. It is interesting to note that the 
closed formula for S 2 (l) may be expected simply, let Z go to N — I in Si(l), to obtain formally 
S2 (Z) = — Z . Now, we will consider the following non-trivial and interesting trigonometrical 
sums, 

F(N1 ?) V Mnlrc/N) sm(2nl7i/N) 
. 2^ s i n ( n7T /N) sm(2mr/N) ' 



1 Anonymous author working on characters of a finite field and the Polya- Vinogradov inequality. 
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and 

F 2 (N I 2) ■= ^2(_^n^}( nl7 r/N)sm(2nln/N) 



n=l 



sm(mr/N) sm(2n7r/N) 



where F X (N, N — 1,2) = F 2 (N, I, 2), and N odd. So, if F 2 (N, I, 2) is known, then, F 2 (N, I, 2) 
may be obtained and vice- versa. It is not difficult to show that Fi(N, 21, 2) = 0, and hence, 
we will consider only the sum Fi(N, 21 — 1,2). The latter may be written as 

^(#,21-1,2) = J2 s ^(n(2l-l)7T/N)sm(2n(2l-l)n/N) 



n=l 
l-l 



sin(nir/N) sm(2nir/N) 

22{2l-2)-2(s+k) 



"ll - 2 - s\ (2l - 2 - k 



£(-i) s+ T 

s,k>0 ^ 

2Z-2-2fc , _ _ v N-l 

J2 (-l)^( PTcos^^W^O- (37) 



j=0 v 7 n=l 



The sum over n, formally looks like that given in Eq. (I28j) . however, in this case the variable 
t, may be a multiple of N, and in that case the Schwatt's formula given by Eq (107), does 
not work it has to be modified slightly. The formula that takes into account this fact may 
be shown to be given by 

Y cos 21 - 2 - 2 ^ (nn/N) = - ~l 'rf, 2i " 2 " 2(§ " j) ) 
\ I ) 2 2l ' 2 - 2 ( s -J) ^ \l-l-(s-j)-t) 

n=l t=l v \ J ) / 

N-l (21 - 2 - 2(s - j 



2 2l-2-2(s-j) ^1 _ I _ ( s _ 

_2N_ lhl -^ )m f 2l-2-2(3-j) \ 
+ 2 2l - 2 ^-i) 2s (l-l-(s-^)-vN) , (38) 



P =i 



where the first two terms in the above formula are those expected from Eq. fT28|) . while the 
third term is precisely the correction to the formula Eq. fT28l) . in the case t is congruent to 
N. Therefore, there are three contributions to the sum given in Eq. ( 1371) . the first of which 
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reads 

2-1 



)22-2-2fc 



i-A, Sa , h f2l-2-s\ [21-2- k\ , 
^(iV,2i -1,2) = -2^(-ir+ fc ( ) I 2^ 

s,fc>o V ' / V / 

" i V 1 f 2 '- 2 - 2k \ '^V 2i - 2 - 2( s - j) \ 



i=o v 7 t=l 

1 + W\ TT /l + w 2 \ 1 



-2res w=0 ^_ 2 (— 1)^- 2 (- 



— 2res 



to=0 



?a/u7 / \ 2to /l-to 
1 1 \ 1 1 



w 31 3 w;' 2 / (1 — w) 2 1 — w 2 



~(3I - 2)(3J - 3) + l(i - 1)(Z - 2) - J + 1(1 - (-1)') 



while the second contribution reads 

i-i 



F';{N,2l-l,2) = (N-l)J2(-l)^( 2l - 2 s - S )( 2l - 2 - k )2 

s,k>0 V ' / V / 



22-2-2fc 



(iV-l)res^-2(^|)^-2( 1 + W2U 

(iY - 1)res ^(^-^r) 

(2J- !-(-!)<). 



J-y/w / \ 2w J w 
I 1 \ 1 1 

u^ 1 J 1 — w 2 1 — w 

N-l 



2 

To obtain the last contribution we write the sum over p, in Eq. (1381) . as 



p=l 



l-l- {s-j) -pNJ w - v \ w l -( s -i\l-w N ) 
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and using the fact that I < N — 1, then, the third contribution may be computed to give 

1-1 



-,2l-2-2k 



*f(JV,2Z-l,2) = 2Nj2(-lY +k ( 2l ~ 2 s ~ S )( 2l ~l~ k y 

s,k>0 V / V / 

2l -J^ 2 \ 1/21-2- 2k\ f(l + w) 2l - 2 - 2 ^w N \ 



j=0 

,2, 



27Vres„, =0 - 



2^ 

1 1 1 



l-w N w 3l - 2 ~ N (1 -w)(l- w 2 ) 
= N(3l-2-N + ^(l-(-l) l - N ). (41) 

Note that this will contribute only for 3/ — 2 > N, and as a consequence the closed formula 
for the sum F ± (N, 21 - 1, 2) is 

N ^ sin(n(2Z - l)n/N) sin(2n(2Z - 1)tt/A^) 



U ' ' J ' ^ sin(n7r/iV) sin(2mr/A0 



= -i(3J - 2)(3Z - 3) + i(/ - 1)(Z - 2) - Z + i(l - (-1)') 

+ (2Z - 1 - (-1)') + iv(3Z - 2 - N + 1(1 - (-1)'"") . (42) 

Having obtained a closed formula for the sum F 1 (N, 21 — 1, 2), we turn now to the alternating 
sum 

F (N 1 2\ = VV n n sin ( n/7r /AQ sin(2nZ7r/AQ 
^ sin(n7r/iV) sin(2n7r/iV) ' 

in this case, for N odd, it is easy to show that the sum is non-vanishing only for Z is even. 
The computation is basically the same, the only difference is that in this case we have an 
alternating sum and Z is even 

F 2 (iV,2Z,2 )= ^ 1 ( _ 1) nSin((2Z)n7r/iV)sin((2Z)2n7r/iV) 



sin(n7r/iV) sin(2n7r/iV) 
y^ 7 (_iy+kf2l - 1 - s\ /2Z - 1 - k\ 2 2(2j-i)-2( s +fc) 

, h.^n V S ) V ^ / 



n=l 

[(2i-l)/2] 



s,fc>0 

2l-l-2k , „ lN AT-1 



/97 - 1 - 9t\ 

x J2 ("^M J E(- 1 )" cos2i " 1 " 2(S_j) (W^)- (43) 

j=0 V fc / n=l 
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The sum over n may carried out using Eq. (114), in [8] with the slight modification as 
explained before, then, it is not difficult to show 



N-1 ~ 1-1-8 



2l-l-2{s-j) 

2 2l-l-2(s-j) \l _ 1 _ f 8 _ j) _ t 

n=l t=0 v 



^(-l) n cos 2 '- 1 " 2 ^-^- 1 (nvr /AT) 



+ 



2N ^ f 2l-l-2{s-j) 

2 2l-l-2(s-j) 2-S [j _ I _ ( s _ _ (2p-l)A-J y ' 



(44) 



where the sum over p, may be written as 



£ U' 



2/ - 1 - 2(s - j) \ / (1 + w )2l-l-2(s-j) w N/2 



^_i_( a _j)_ gE=M=i ; reSw=0 v w i-(-j)+i/2(i_ w iV) 

By using Eq. (T4"3"j) . computations show that the closed formula for the sum F 2 (N, 21, 2) is 

JV-l 



prA r 9/9 ^_ >TV lVt sin((2Qn7r/iV) sin((2/)2mr/AQ 
F 2 (iV,2/,2 )- 2^(-l) Sin(n7r/Ar) sin(2ri7 r/iV) 



n=l 

2 



= -2ies w= Ju 2 i-2(\^^)u 2l J l+W . 

\ \ 2y/w / v 2w / v^(l — w) 

1 ( fl + w\ (l + w 2 \w N ' 2 



— 2rcs 



io=0 



+ 2iVres 



1 - w N \ V 2^ / \ 2w J w 

1 1 \ 1 1 

w 3 ' -1 w 1 ^ 1 J (1 — w) 2 1 — w 2 

1 1 1 



w=0 



l _ W N w 3l-(N+l)/2 (1- W )(1 



w 



2\ 



= -\W - 1) + \'d - 1) - 1 + w(3i - ^ + i(i - (-i)'- 1 ^ 

(45) 

where the last term whose coefficient is N, contributes only for 3/ > % • Let us now 7 
check that the formulas Fi(N, 21 — 1, 2), F 2 (N, 21, 2) are consistent with symmetry discussed 
earlier, that is, F\(N,N — 1,2) = F 2 (N,l,2), this in turns implies that the correctness 
of the formulas. To do so, we will give some explicit examples, from the expression of 
Fi(N, 21 — 1, 2) given in Eq. (j4"2j) . it is clear that the sum should be N — 1, for I = 1 and 
to check this, one has to take into account that when substituting / = 1 in the formula, the 
last term of Eq. ( l4"2"j) does not contribute. From the symmetry that relates the two sums, 
we should have F 2 (N, N — 1, 2) — N — 1. Indeed, this is the case, we simply let I = into 
Eq. (T45l) . this time, however, the last term of this equation does contribute. An explicit 
computation shows that F 2 (N, 2, 2) = -4, for N > 3, and F 2 (N, 2, 2) = 2, for JV = 3, it is 
interesting to note that these two cases for I = 1 are contained in the last term of Eq. (JUL 
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since for N > 3, the last term is equal to 0, and hence ^(iV, 2, 2) = —4, while for N = 3, 
the last term is equal to 6, that is, our formula gives the right answer. Using the symmetry, 
we obtain Fi(N, N — 2, 2) = —4, this can be easily checked using our formula given by Eq. 
(S2D, and I = &=±. 



5 Conclusion 



To conclude, in this paper we were able to obtain a number of closed formulas for trigono- 
metrical sums that appear in one-dimensional lattice, the chiral Potts model and number 
theory. Here, we followed similar formalism developed for the circulant electrical network ( 
circulant graphs) [T], [2J, as a consequence the non-trivial circulant electrical networks (the 
cycle and complete graphs are not included ) are related to non-trivial trigonometrical sums 
in number theory. For example in [2j, we had to introduce certain numbers that we called 
the Bejaia and Pisa numbers with well known properties so that the trigonometrical sums 
that arise are written in terms of these numbers nicely. By using the well known connection 
between the electrical networks and the random walks [TJJ, one may hope to give interpre- 
tations to some of the trigonometrical sums in number theory other than those associated 
with the two-point resistance of a given electrical network, since the latter provides an al- 
ternative way to compute the basic quantity relevant to random walks known as the first 
passage time, the expected time to hit a target node for the first time for a walker starting 
from a source node [T5] . 
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